
Assignment 4  

(due date: December 14, 2021 )

1. Let  be an  matrix with element  on row  and column  and let  
with . 

Show that if  then  is a contraction mapping. 

Solution (short):

We need to show that there exists a  such that for all :

Let  then  is a vector  in  with components .  So setting 
 we obtain:

Let  be the i'th row vector of the matrix . Then using the Cauchy-Schwartz inequality :

So taking square roots gives:

And  whenever  (as the square of a non-negative number is 

 if and only if the number itself is ).

 

2. Let  be a bounded, continuous function. Show that  has a fixed point. 

Solution (short)

If  is bounded then there is a number  such that for all , . Let 

Then  is a convex, and compact subset of  (verify  ). Also  maps every element from 
 to an element in  (as  for all ). So the function  restricted to  gives a 

continuous function . By Brouwer's fixed point theorem, there is an  such 
that . 

3. Let  with 

af://n0


Does this correspondence have a fixed point? Are the conditions for Kakutani's fixed point 
satisfied? (argue why/why not)

Solution (short)

The restriction correspondence  is upper and lower hemi-continuous (for 
example, it is the correspondence obtained from all elements between the continuous 
(constant) functions  and ). 

The objective function  is continuous as it is the product of two continuous functions  
and . 

By Berge's maximisation theorem, the solution correspondence  is upper hemi-
continuous. 

The correspondence  is also convex valued and  is quasi-concave in  (the 
variable we are optimizing with).

As such,  is also convex valued. 

We see that  is a convex valued, upper hemi-continuous correspondence. We only need 
to check that it maps from a convex set to a convex set. For any ,  will be a 
subset of   so this is satisfied. By Kakutani's fixed point theorem,  has a fixed point. 

In particular if  then  so  is a fixed point of this correspondence.

4. There is a party! (covid-safe) 

Show that the number of people that "elbow-bump" an odd number of times must be even. 

(Hint: count something  in 2 different ways)

Solution (short)

Let's count the total number of elbow-bumps according to bumps given by the even or odd 
persons. Let  be the set of people giving an odd number of bumps and  the set of people 
giving an even number of bumps and let  be the number of bumps of person . Then:

As the sum of even numbers is even, the first sum is an even number. The sum of an odd 
number of odd numbers is odd, and the sum of an even number of odd numbers is even. So 
the second term is even if and only if there are an even number of people in .

Next, every bump is between two persons so counting the number of bumps is counting 
every "bump-shake" twice:

Equating the equations, we have that:

As the left hand side is even, we have that , which gives the number of people who bump 
an odd number of times, must also be even. 
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